1

fix)=Inx+e¢

(a) Find f'(x)
(b) Find f"(x)

a)

SOES S A

b/

\ x

- L >

().,)7)(,’l + €
(L):—x + &

f
“Pll

2 Differentiate with respect to x,
(a) 2x% +e*
(b) (x*+5)
z 4 X
& bx + Ye
2 S
b/ (= *‘5) < 2 oc
2
6x (x°+ 9)
3 Differentiate with respect to x,
(a) x+ >
a)  x i
x+4
(®) g4 ¢
2 e
a x + 5(x"+¢)

Z -2
| - 5(x*+4) (2z)
| — J0o( X+ 4 )

=
b Lx e




4 The point P lies on the curve with equation = 2 + In(3 —2 x) Withx coordinate 1

Find an equation to the tangent to the curve at the point P.

when x = |( y=zrinl L1, 2)
= T
& L (-2)
9 = A
Ax o T e
A —
- - —
- — Y w bl x = { —rle— R R
S [ & Ao

9]

A4

= —z(x.—l)

- 2
9y T x> 4 Yy

5 The point P lies on the curve with equation y = > I with x coordinate 1
’ X+

(a) Find an equation to the normal to the curve at the point P.

The normal intersects the curve again at the point Q.

(b) Find the exact coordinates of Q.

oy
y= 32z +1)

dg = -3(22+1) (2)

Ax

= -G(Zz—r/)'L

d -t
when = | ;]‘3_"" "‘o(s) - ’/7._3"
3
A = 5y - | (]/I)
u k\\,'\‘ AN

) -~ 3
CJ(O\O'IQAE o£ noemok = /Z.

gy -1 = 2(x-t)
v C




y= 3z-2 «|
[V 2 P
- 3x-—
. o
\ >
4 Ld A — 3 Zax
-
.§-?=——-__\_ =
Z T 2=+
G
3‘)——[ - — )
x 1

(3 -1)j(2x +1) =

G
bxt 33 -2x-t = &
o

éxl—\-x——7=




. . . . 2 . .
6 The point P lies on the curve with equation y = ———=== with x coordinate 4

V2x+ 1
(a) Find an equation to the tangent to the curve at the point P.

The tangent intersects the x axis at the point 4 and the y axis at the point B.

(b) Find the exact area of the triangle AOB, where O is the origin.

T
o whene 2 = ¢ y-
[ v d
_A
:/): 2_(?_»._\. \) T
3
—/_‘-
dy = "'Z.(ZL-PI)
X
- 1
W\A{/\. xX T Y _A“j_ = :
) dx 277
2 - — X _
4- == "= (x-y4)
~ o o 7
- - 2b
b/ - = x ~ -
/ \V | =
L6
Crosses “ o _i—_"
S, e
¢crosses X w~ hen :1 =0 o - _;;9(+ z = x = \3
26
21 \
13




7 Differentiate with respect to x

(a) 2xe*
(b) 3x*In2x

a= &oc JfoL
X

da = 2 g‘;L:QL

oA x dx

x [a

1€ T lxe
2

w- 3 v= (n 22x

du = bx v = L

Ax dx A

2% + b=z In 2

_—

Differentiate with respect to x,

(@) x*V2x+ 1
(b) xIn(x+1)

wa= ;r,L /\r‘—‘(27.+l)z

\
-
<

Au :Lacx dv = (2x+1)

A x dx

(N

n
A)

2 (2o + l)‘/z + 2x(2x+l) =

w = x v= In(xtt)
da = | 9(-_\_’ = '—'[—'
—_o(x L= X+ 1

X+ In(z+1)

2+ !




9 Differentiate with respect to x,

(@) (x+5)(x+1)
b) 2+ In(2x+1)

3
0wz x5 . v= (%t
z
e = T DN = 3(xtl)
Ad x ¢L
Y T
(z+1) t 3(x+5)(x+1)
3
o7
du = 3" Av = <
dx dx 2=+ 1

Qar_i + 3% In(2x+1)

2x+ |

10 The point P lies on the curve with equation y = (3x — 1) In (2 — x) with x coordinate 1.

Find an equation to the tangent to the curve at the point P.

when 90:{ C‘j‘: 0
A= Do - | v = la(z-x)
- |
AAa = 3 oY =
X o 2 -

dy = -(33""‘) + 3\/\(L-1n_)

x 2 - ¢
WL-@.:A_ 2 = } J"’Ai:—l
ar

y-0 = —2(x -1)

0
Yy = -2 + 2

~

[ —




11 Find the coordinates of the stationary points of the curve y = x(x — 3)* and determine the nature of
the stationary points.

=
wz v= (x-3)
YR
du = |( Av = 3(x-3)
ﬁ dx
N T«
dy = (x-3) Tt 3x(x-3)
doo
S'ka-ezo/\afv‘ pc',nb.s ~\nere A“"'j =0
4 ! Ax—

Y
(x-3) 4 25 (2-3) =

Q
2
(oc-73) (x-3+3x) = o0
(= -2 " (g=-2) =0
X =3 = 2=
F
— - — 2187
Y= O 9 ot
3 __,1\%-] A
(\3/0) (\/&{.‘/ _’i)_—;?)

dy = (1"3_)1("('2’~ ?>>

dx
T
uAx-3) v Iux-3) \) /
da = 2(2-d) v =4 ————N{* r“/ >
ax > /\/
" [
A7 = y(x-3)" + 2(x-3)px-3)
dr*
wWA LT D d;‘_\_:o WA LTS '_’:—%—‘%
dL‘ g Xk ¥
e X T 2.9 :‘,\i:o.o%c g—g 7o L MM
ax ax
-21t1
Mé/ ;_‘.;:J
e~ XT3 29 = 9 pquy
dx

-

point o} inflecton ot (30




12 The point P lies on the curve with equation y = xvVx—1 withx coordinate 5

Find an equation to the normal to the curve at the point P.

+
g=x(x-)"
[y 7

\
W= x v=(l==-1)"
>< S
A -\ Sv o= L (x-1) F
Ax 33' ¢
\
{ — —
da = (x<-1)% + ‘;‘I-L?I«—‘) -
= ’ =
13
when x5 flj = T
(/.09 > i
.
m-= '3
when x =0 9= /e

o
”/___-__//—/\
50
— -« \ )
[ o Nl L
b4 S vo /

13 The point P lies on the curve with equation ) = x ¢ with x coordinate 1

(a) Find an equation to the tangent to the curve at the point P.

The tangent intersects the x axis at the point 4 and the y axis at the point B.

(b) Find the exact area of the triangle AOB, where O is the origin.

w < o¢ v = -
[ T l
o\w:leftﬂ-Le—x J,.i:QI:L&x “t'e’
when x< | ’f‘: =le re&
ax
- 52_
’__/




crosses o ok -2
Cresy€es X gyhen 0= 3e>x -le
0O - 3x -2
2 %
Z/ 3
A
/ krea = = L& =
2o / i -
= i e (.;\,./\\l/BL
3
14 Differentiate with respect to x _d’j Cudd ;%.,-
@ _< o~
2x+ 1 v®©
(b) ln(x2+1}
3x+ 2
@ u-=e v= 2zt/(
du - ™* AV = 2
Ao dx
x
dy = (x+1)e — e
A (2x+l)
b/ w= Zn(x1+l) v=3x+1
dw — 2x é\_/_ = 3
dx x| -
Ay _(32+2)0x)  _ 23 /n(x%+1)
dx x|

(22 + 2)°



2x(3x+1) — s +1) In (X +1)
(:(,1' t-l)(%x-t— ’.'L)L

15

The point P lies on the curve with equation =

with x coordinate 1.

Find an equation to the tangent to the curve at the point P.

w= 3 VI Zx-|
dw = 3 av = 2
Fx ax
_ _ — 2/(3
%, 32z -1) (3x)
(22-1)°
= G2-3 — =
(2m-1)"
_ - 3
(_2:6“)1
whatna z =1 %:"3
when z-= y=-3
y-3 = “3(x-1)
“ - ’23&_ “l"é
<J




. . . . + 1
The point P lies on the curve with equation » = €

X

e+ 3

16

Find an equation to the normal to the curve at the point P.

with x coordinate 0.

[
when 220 ‘j:/Z—.
x X
U= G | v e 713
do = €7 dv =€*
dz Adx

z y3)— e~(e*rit)
,éﬁ--’-— e S) C
4
b (e* +3)
wirena oo =0 0‘)—:/1
dx °




-

17 Find the coordinates of the stationary points of the curve y = > and determine the nature of
the stationary points. 9+ x
1
A= X v = ﬂ 4 3T
duu = l oLV = 2
—_—
A Ax-
49 = qrx’-22"
Ax <
@+x)”
= °[ -'D(.l
(q+x%)°
: . q-x" _
Skakonarg poiatks where _— -
< @axx?)
L
Q9-x = °
(34x)(3-x) = ©
xX--3 x=3
< 1 t
u=- 9-= v <= (9+x )
i
du = - 2x dv = ¢z (1712")
dx Az
49 = ~2»(?+12)L - ¢x(9t2¥(1-27)
dz* )Y
z (7+x*)
1 ’_L_ J’l\j _ ,__‘_
whea 2>-3 __/0"1 = sy wher x =3 477" sy
a0 1 ox {
? . .
44 >0 MMM d'y <o M OX T MUM
da* dx-l_

c o
wWIn X =-3 3° //6 wbren XT3 Lj"::
ma. ak (=3, 1) wax ab (3 4]

\ o’ N e/




18 f( )_X—S 2x +4

= +
2x+3  2x°+7x+6

(a) Express f(x) as a fraction in its simplest form.

(b) Hence find f'(x) in its simplest form

&/ L-5 i 2(7‘+L)
22 +3 (12+3) (12 )
-3 L 2
22 +3 2z +3
x — 3
Le+3
b/ w= Z£-3 v 2z + 3
du,—;l ﬂ/:l
Az dx

L'(x) = 22+3 — 2(x-3)

[Zx,13)L

= 2z~rs~2d—+é

(2 x +3)1

= 9

Y ———

(2243)°




4x+1 4x-6
P f(x):2x+3 4x* -9

(a) Express f(x) as a fraction in its simplest form.

(b) Hence find f'(x) in its simplest form

Y 4x + | — 2(22-3)
22+ 3 (22+3)(2=-3)
yxtl — z
2x + 3 2213
Gr -
Q2 + 3
b,/ us= 4z - | V= 2x+3
d,(ltsﬁt Av = 2
AxX Jx

f'x)= ylezrs) —ele> 1)

[L)(,+3)L

- Qx +Il2—-—FTx Tt 7

[L»—+3)1

= 1

s

(Zx+3)




20

Use the derivatives of sin(x) and cos(x) to show that

@ -4

_ 2
dx (tanx)—sec X

(b) a(secx)zsecxtanx
(c) a(cotx)z—coseczx
(d) T (cosec x)= - cosec xcot x
@ tonx = JiAx
cos AL
w= Sin oL v = CoSoC
duw = tesa dv = - sin X
dx dx
d tarx _ ot _siatx
dx cos® x
1 P 4
- co>‘ 2 + i L
cos?a
_ (
cost x
z
= S€c -
—’_———":—/——/
b/ sec 2 =
(4 oS X
w= | v = cos
p{u_ = O dl/ = -S’A'L
dx dx
A ST — p osx — S
dq' Og)t)‘—
S5/ D
- - 1 _

cos P74



6{/
— (> T—
Cot 2 =  —— -
)/’A A
%"- = -Soao f“’_ = oy X
A ov v E%
: (A
dx sinta
= = (sin™x + Coy'x)
3,'/)11
= — {
S,atx
—_ 1
- - ce)€e€ C PG
———
— /
o)L x =
SN
odw =0 Jdv = Cos oL
ol d.?(—
A cosec x — © — co> >
ot sin? x
- — co SOt
SintoC
= - Cos>x | {
S.dL S/adt

= — (os€c¢ =x cot x




21 Differentiate with respect to x,

(a) x*cos 2x
(b) 3sin(2x+1)

2

a W= v = co> 2o

Aduw =250 Av = "2 siaAlx

A dx
Lk cos 2o — LT sin L

b) deos(irtl) x 2x

X Cos(Xrx +1)

22 Differentiate with respect to x,
(a) e* (cos 2x + sin x)
(b) In (sin x)
3o :
(¥ u=< V= Cos2x ~+ Sirx
3 ot
duw = 3¢ Av = L SiAldxr + Ccos
Ao dx
3 : 3x .
3¢ - Ccos Lx + Smx) T € ("23:/\,2)(, + C,o):r,)
b/ I 5 oy
dSAx
Lok oL




23 The curve C has the equation x =2 tan y
(a) Find dx in terms of y
dy
(b) Hence find €Y in terms of x
dx
1
dz = 1sec Y
43
i
b/ Ay - —— | + ta,nlxé = €Ly
! dx L L :j v
- (
2L+ Lltan®
J Z < taay
2 J
i . 1
B . L- = Can'y
2 X - v
2 4
— l (N 4
, : 2 - Ztwry
T A “1 Y
24 The point P lies on the curve with equation y = cosec x + cos 2x with x coordinate z
Find an equation to the tangent to the curve at the point P.
Ly _ 2 sin
—~ = — Co>ec A Ccob 2 — S 20
= T €°F = - Zsialx
S/t
dy _
when —ZLI —;—9' = - l’\,’l‘.
g o*x
7T
whea 23 9=
g -2 = C2-9)Cx -T)
1




The point P lies on the curve with equation y = sec 2x with x coordinate o

25
Find an equation to the normal to the curve at the point P.
dy = Lsec2x tanlx
dx
—
when x = g 4y = ¢§3 arodient o} pormak = _\I:-z_
dx v ' [
=
o~ X = © ‘a - v
_ 3 7T
a-2 = (=~ T)
26 A curve has the equation 2x? — 3xy +)? = 12:
(a) Find an expression for dy
dx
(b) Find an equation for the normal to the curve at the point (1, -2)
w=-3x V=9
Jg - <
@ ba -3249 -8y T 1y 2L = O du = -3 =4y
! dx e v ax dx dx dx
g 84 -3, 49 = 39 -4z
v oL a v
A\Q = 3 -
=2 (23 - '63&.) 4 - =
d4 - 3Jg-4x
ax .
= ,Lj- SX
L,/ akt (// '2) O('j = ,/_D_ . q(dsJieAk o& nermaol = ~ :/T;\
( N oA x / J ’ et
— .
q+1 = ~— (> -1)
) o
R _ ()
el lo




27

A curve has the equation 3x* + xy +3* =20

The gradient of the tangent to the curve is % at the points P and Q.

(a) Show that 2x + y=0at P and Q.

(b) Find the coordinates of P and Q.

o) bx + x M oy 2,4y = w=x v=y
Ax S J g J
dw = | Av = d4
dx do  dx
4y =X
ax O
hu i 8 _
bx + 31*'3“"*3‘3 - 0
22 i
39,-1-33 0
22'x+'lk1 = O
2x t+ 4 = ©
b/ At e o Y= — 7 x
/ [ J J hd
N z
2x” 4+ x(-2x) &+ (-2=) = 2o
d3xT— 2" + T = 20
5:&.1 = 20
=" = 4
_ o+
< = *2
T =27 ‘;]7—’“1’ - - LJZL[—




28 A curve has the equation x* +4xy —x +? = 35:

(a) Find an expression for g_y
X

(b)  Find an equation for the tangent to the curve at the point P (2, 3)

_“‘_“/:O

1x + 4y r4x 2 — 1 + 2

v
A x v oda

—f'l—i-(‘/’l*zﬂ) = m2x -4y

a x ~

- = |l-2z -4y

¢x t2y

Ay - [-2(2) =%(32)

at (2,3)
N

\ R
X Hle) + 2(3)

NS

w-3 = -15(x -2)
v 14

3

-7

— 15 2>
v = ~’,—'z T
J 14 /

29 A curve has the equation 2 sin x + 2 cos y =3 0<x<nmn 0<y<m

(a) Find an expression for g_y
X

(b)  find the coordinates of the point where dy _ 0

2ctos x — Lsin

<«
vy
(
o




CosS x = 0
sin&j

Co 5 X = O

- 7T

x =75

12 siA a2 + Z-coa'j = 3
T

L sinlZ)t 2cosy = 3
2+ Q.C.c:&ﬂ = 3

P
30 (a)  Given that y = 2* show that dy =2"1In2
X
(b) Find the equation to the tangent of the curve y= 3(x) at the point (2, 81)
2L
9= L1
\ >4
2C
n y = (n 2
Iny = x la L
v
L 349 = a2
J dx
>~
"‘\ = 4 ln Y=
A A
X
= 27 In 2
X *
g= 3
Ay -




=1 42 = 324 (a3 (2. 31)

dax

= 224 \n 3 (\’)c.—l.)

= M-
L4
31 Given that x is measured in radians, prove, from first principles, that the derivative of sin (x) is cos (x)
You may assume the formula for sin (A+ B) and that as h— 0 sinh — land cosh — 1 —0
/ . Fleei) — £(>)
f (I) - h—so R
.
A s _— lim sinfzth) — S x
- lim sinxcoslhh +cosx Sinhe — Jit
h— O N
= lim Ynx(coshh = ) t cesx sk
) % 7N
" I
/‘m el * °
=, (coste~1)ginx + sink o> X
n—> v
I .
- ( sih &K
as b — o Cos L;’_ - o — |
I~ I~

= D(S)./\ x) + |

(

o
Q
“
¥




32

Given that x is measured in radians, prove, from first principles, that the derivative of cos (x) is —sin (x)

You may assume the formula for cos (A+ B) and that as h— 0

si;h — 1and cosh — 1

-0
Py \ £(x)
) i f(xvlx) = T
1(‘ (x) = K=o \
! n
/inn + — cos{>
A cos = = [T cos(x+ i) =)
dox N
}l.’V\ CoSs X LDSI/\- —_— S)/\-I- S)Al/\ — CDSI
k=0 I~
\ [ ] \
_ i cosx (cosh—1) = sAXGr 7R
— n—>-0 I~ I~
. L\ cCo L» "‘
As L—oo 27 ) a2 " =0
i I~
os X .
A cos = Cosx(O) — S»A)’_(]>
A x
= - Sin AL
33 A curve has the parametric equations
x=2t+1, y=t'-1
(a) Find the points where the curve crosses the coordinate axes.
(b) Find an expression for 4V in terms of x.
dx
| crossed 3 when x. =0 O= dt+ |
£= -4
N
gé - ( /2" ) - \
—_ - 3
= /4
CrossLs o yhen '.d::o O = Et—-\
RS
\ = €
c= |
x =201) F ¢ x =2(-1)+!




dx = 2 dy - 2t
G de
Ay - dy - 4x
dc At deE
= 2& -

0"

KXW
N

34 A curve has the parametric equations

x =tan?t, y=cost, o<t<X

(a) Find an expression for 4V in terms of t.
dx
(b) Find an equation of the tangent to the curve when t =

L
4
(¢) Find a cartesian equation for the curve.
2
a‘g: - s/in€ x:(famf)
de .
do = 2 tonk sec €
de
dy = —s/n €
adx 2 Eant seo"’ t

= —sint cos '€ cot t

[A

~ |

3




. 3
- _ - e
b| olren £ & 4y = Z((_osf)
' T aox X
_ _Jt
= it
8
[A
2= (Z“"‘(%r» gy = c,o.;('f:)
A v v \%
= | = Jz
—
(A
J = 3
C | 4+ tantt = sec 4
z=kantt JY=cos b

\
e
A
o
-




35 A curve has the parametric equations
x =sin’t, y=sin 2t, 0<t<nm

(a) Find an expression for 4 in terms of t.

dx
(b) Find an equation of the normal to the curve when t = %
(c) Find a cartesian equation for the curve.
T
af = (sint) 94 = sin 2¢
[
dx = Lsint cost dy = QD cos 2k
ac o
dq - 2 cos 2t
AX Q sint cos ¥
= (os 2E
Ikt cds € )
- 0‘ (1175(’;1
when =" T i) oslE)
- a3
3
r
. : - -\
ﬂf&d:hl— of— no/Mo.L - 2
-
plan EZ 7 r=fia () 9= (%)
= L e
¢ R
- -3 _;>
Ly - &) Y (> - =
\V - 7 “——
g=-5a.+ 56
L 2 “x
c/ y = Llsintcos €
/ v
31 = 4sin'E Loyt E
Mkt L(Psn'/g"t([' S'm‘lf')
2
= (f?/ — ¥




36 Given that y = sin©

sin® + cos O

Show that dy = — L
do sin20 + 1

\\

L= sinl v
L

SING + Cos B
d ¢6059

]

0((/ cos & - Sl‘f‘b
ab

46

dy =

Cos O (Sl'/\G + (0§ 0) - AD ((o.\e "S'\f\9\
de

(sin® + as®)”

-

-

CosD VAG + (030 — Wi SIAB + NIATE

(Sint + > o)
_ |

(s}V\O + coaﬂ)—k

—

SO ¥ LGAG @B «+ v 6

—

[ X L\ A0 w0y O

(

(!

I &+ s A2Ld

= 1

SSATO  +

—




37 The diagram show a sketch of the curve with equation x* — xy +2)? = 20

p
_

(b) Find the points on the curve where g_y -0

ND

(a) Show that dy _2x—y
dx x-—-4y

&/ 2t +txyt 29t = 20 ase YT
' < . d\'*:.— QQ_,:O—‘\-J
2x -y -1 X+ 4y 2 - o s 0T T dx
V xr v (7Y
Ay
e -y T A= —4q)
Ay - 2= -
chx B e
b/ Lx -9 = O
‘ x -ty
25 - = O
J
2% = by Xt- Xy 2yt =210
zt — z(2x) + 2(tx)" =20
x* - 2x* + 3T = 10
Txt = 2o
2+ = Lo
7




38 (a) Sketch the graph of y=0B-xP*+5 0<x<6
The line with equation x + y = k, where £ is a constant, intersects the curve at two distinct points.

(b) State the range of values of k, writing your answer in set notation.

3
|
—

(3,5
>
z
‘0/ V\*S/(-/
Xty =K 'S a ’tange/h" whaen % = -/
Ay~
T C a(3-%)
~2(3-x) = —
2(vy-x)= |
6b-2x = |
2x = 8
> = 2.5 ook 7208
2.8 < k< 'y

S\A: 2.9 < Ky

WS

Lyl




39 10x+3 —4x° _ B c

= A+ —+
1-x)2x+1) I—x 2x+1 x>1

(a) Find the values of 4, B and C.

10x +3 —4x*

t) = e 1)

(b) Prove that f(x) is an increasing function.

o f ]O X + 3 — t_l—y_": ﬂ'(l‘)(.)(ZJ.H)TlS(ZJ_{-O TC([—L\,
(et x =] 9 = 38
B = 3
Let 2--L -3= 2 C
C—= -2
ek x=0 3= A T3 -
A= 2L
e 2x -+ \
- ~1
o/ Clxy= 2+ 23(-x) —2(25+1)
C"(Jt-) = 3(\\—&)—?— -+ “r(lx-\-l\;l
= 3 + ¢

(1-)" (Zx—rl)L

L T
(1-z) and (2% #l)  will always b=t

lp&S;HV'(. andk posithvse — pos,tive. = 'pos}{’i«/&

!D l(l,) 1 g P os,bhvse

oA )C(I—,S 1§ o incfea'.s/nj -Fvw\e,hor».




40 The temperature, K°C, of water in a kettle is modelled by the formula K = 20 + 75¢%

Where ¢ is the time in minutes since measurement began.

(a) State the starting temperature of the kettle.

(b) Find %
e/ when tZzo0 K=20t75
/
= 95°¢C
~0.2¢
b/ AK - -15€
/ <
M
41 x4+ 4x
= -2
e 7
(a) Show that d_ where A4 and n are constants to be found.
dx (x+2)n
(b) Hence deduce the range of values for x for which % <0
2
r/ w= x + o VZ(J:—/-D.)
A = 2x 1 ¢4 Av = 2(xt2)
dx dx
< 2
Ay = (Qx—f—L,«)()c-)-l) - 2(1—!—24)(1 14X
dx (x+2)7

(R

(2.2;+‘-i)(9514-“fx-r'¢) —Qkix,s-r‘-rxzflvcz‘f&x)

(=+2)%
= _lm;“«hﬁtm?‘ﬂgﬂg —2[134—6::2{-81)
(= +2)%
= Q:JL?> T \2.22 + 24X +16 - 7'13—1217'—-/6:»
(o=+ra)t
- Px T lb
(x+2)"
= g(xtr)
> + )7
— {

—

(o + 2)7’
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The curve C with equation f(x) = smxi

-t<x<m is shown in the diagram.

AV

>
X

(a) Show that the x-coordinates of the turning points of C satisfy the equation tan 2x = 2
(b) Hence find the coordinates of the turning points

oy U= S;An 2x v e~
du = 2 cos 2x dv =¢*
da Jx
) _ x e
-I: (Dc_) - Le” Cos o — @ s;n 2
CZL
_ / —
’M’V\:AS ;oo;/\ts art ~bhere p (J’) = 0

2e* o5 2 — €7 sin 21

—

=0
6’22_

e*(2cos 22 = siala) = o

7

L4

Cannot C(ium.l. 27D

AL cos 22 — sin 2 =0

2 cos 2

Ean 7

E—
—
—

= L

Ix = 1)o7, 4.247, - 2.03¢ — 5176

X - —2.59 y —1.02

(—2.57,1

\ \
.~

~ /

1.9) (—1.02,-2.47) (0.55¢, 0.514) (2.12,-0.107)

N

B ———

—



43 The curve C has the equation x =2 tan 2y _T <y<—

-2
Show that, for all points (x, y) lying on C, | + t awl Z‘j = S€¢ %7

dy a

dx  x*+p

where a and b are constants to be found

dr = i 56(,2’2&1

49
dy = [1
dx ¢ sec 2y
- ____I_’_,.,‘.{-—
(14 Ean'2y)
| 1= L Ean 2y
- —_— T 2
= Yt fban’ly X = Y ton 2y
— (
Grta®
e
44 The curve C has the equation y =x" x>0

Find, by firstly taking logarithms, the x-coordinate of the turning point of C.

z
lng = ln

J
l/\% = x\\l\-l “w=x vz lAax
v {
' dx o=
< & = 1t
J YN

Turviiag  potat  winere ,"_‘_1.::0
v o dxr

O = |t lnx

0

ln

-

=1
= _ é




45 A storage tank is modelled in the shape of a hollow cylinder.
The walls of the tank are assumed to have negligible thickness.
The cylinder has radius r metres and height h metres.

The volume of the tank is 12 m?

(a) Show that the surface area of the tank, in m? is 2 nr2+ﬁ
r

(b) Use calculus to find the radius of the tank for which the surface area is a minimum.

(c) Calculate the minimum surface area of the tank, giving your answer to the nearest integer.

Volame = TTr-h

mritle = L

W = lZ

Ir*

s.a= 2mrt + 1w

= 2me™ v fr( 1)
\rr* )

= Qwet v 2t

~
_ -7
S = yar - 24%r
or
min  where gl,s.:o ymr — 2% =0
d¢ 'S

Lg-n‘r3 — 24 =0

©
-F

&

w
)

[\

N
~0
S
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The diagram shows the graph with equation y = f(x) where f(x) = (2x* + 3x)e* x € R

A

y

A

(a) Show that f'(x) = e*(x +3 — 2x?)

(b) Hence, find, in simplest form, the exact coordinates of the stationary points of C

The function g and the function h are defined by

g(x) = 21{x) x€R

hx) = f(x) + 2 x>0

(¢) Find (i) therange of g
(ii) the range of h

2 - X
w = 22 + 3=z v= €
-
du = Y3 t+ 3 dv = =€
A2 dx

[hz) = ﬁ’x'(éfxvﬂ) — e "(22*+3x2)

e (yz+3 -~ (foﬂrEL))

4

-
r\~
&~
N
(1

= C’L ( ‘-1‘2’,-1'3"22,7'—37_)

e~ ( x + 3 - Zx"')

\

/

Sf"a‘HaAw? Pa\'ah where {\"(_x,):o

€™ [ +3-122) =

]

x + 3- Zx"

(o)
0
o

xt-x — 3

(20 = 3)(x+1) =0

- 32
< = xz=—)

/

(2/q€:$/z) and ("1,"6')
NI N/

-/



Mia poiat ot (\—')/"ﬂ) ,ﬁll) 2 —t
JL 7/
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h | Max  poiut  at K/ﬁ, 1¢ )
{ ! \ ° /
- o.°%
o< L ( 1—) < 7{ ¢ <F0./ X po
P
2<h(x) £ e 12
47 Curve Cis given by x+ 5 =sin x cos x + 2y O0<x<m
(a) Show that % = sin’x
(b) Find the coordinates of the point of inflection of C.
“w = S/n2x v = Cosxx
1 4
] = cos*x — sin x T Z/i du = Cosa  dv z-Siax
a L dx Tx
-1 P | d\j
/:(/"9/’)2,)_5/7’)2”"2-—[?
{ \ / ox

L

| = 2sin*x + 7.—;%’

—
-

O = —LsSax + 2-2
O A
.1 dy
LovaL = 255
1

02 = Lsina cosa
o

—
-

SIn 2



1
'poia\’ oF aflechon  wWho [ P

1
ogx

3‘,“ l:b')) < 0, OLf Fo)‘ne{v(

t)

- 7T :
a = - dia(3-1) ~0.06 AejaHIC

T point o} 3 adlech o

o\
Y
(V)]
i)
v

PE-3
V4
()
o

Ly

N i
-\-

[ )

(U

&\
-+
W

o
~
N

(=
4]
J:\:‘
.
~\w

\U

VS
A
:\
~+
©
N

5+1nx

48 A function fis given by f(x) = T+ 2mx >0
Prove that fis a decreasing function.
W= Dt \nx v 2d2t2inx
&\* o __\_. dV = 2‘
X x dx o

Plia) = L (3raima) = Z (54 1ax)

[ A4 I)\\'A"T\‘L
o7 o= 1 Ly

= ‘E (2+ 2w -2(5*Inx))
(34 21ax)"



1
(3—!— 1lin :x,)
\ & -7 )
- __;: (. L’)\--y\b
\'D"rb"\.a-/
( L
Por x>0 — 70 and (31’2//\.1) 70
l T4 5
v x neaative = neaqgaqthve
POSI{" € - \j (j
/ODSI'th'C
-J, x I\S r |'
2
49 A curve C has the equation y = + Inx x>0
X
2 —_—
(@ Showthat J£= F*XZ2

X
(b) Hence find the coordinates of the turning point of C.

/

al/ 2‘:1.‘1'51.’ + [ 2L
-2 /
dy = | — 5  * —
dx i
-] - S5 4, _L
x* x
A
= 2 -2 + =
X Xt ,ZL
< 7'1'.2‘,—-5
27—
b/ 2" +2 -5 - o
_xl

7,1'-/’2—"6-:0

g_:'.7‘_1 (\’L cannot¥ e,ua/ -2.77 as 1:)0)

().79/ $.17)
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50 A curve is defined by the parametric equations ﬁ - a , na
x=3X2"+2 dx
y=5x2'-3
dy _ 3
(a) Show that i -3 X 2
(b) Find a Cartesian equation for the curve.
-c c
0y Ax =-3"17 Inz dy = §$°2 a1l
AL At
[
dy = 5 2"/
e —
dx =327 |7
Ay =-S5
da ° 2
€6
T T %]
3
’::::
y 2= 5 t12
/ —_
26
4
2.5 7 3+ 1x2
€ ¢
2°-2-2° =3
€
26(x-2) ¢ 3
e 3
A
- C
t
gz Sx2 -3
v
3
3= 5 ( 217—3 k
° = s -3
4 L - &




51 A six-sided box, in the shape of a cuboid, is made from a sheet metal. The base of the box is x cm by

y cm and the height of the box is x cm.
The volume of the box is 5000 cm?.

S 20000 P
(a) Show that the the area of sheet metal, 4 cm?, is givenby 4 = T+2 X
(b) Use calculus to show to find the value of x for which 4 is stationary.

(c) Prove that this value of x gives a minimum value of 4.

(d) Calculate the minimum area of sheet metal needed to make the box.

“)
“)
@)
@)

v %Y a < 4xy t2x°

w = 5000

(V4

y = 52°°

v x"' _ So000 4

-1
bl/' A4 - _— jppoo " + 4 x
aoC
StTahonary whea d.,_A‘ -0
v dx
17.
3 —
—~20000 + YGx -~ 0
Lfyc—s = 2ooe o
3
X - 5000
X = 36-8 Cnmn
2 -3
c/ d/ﬁ = ¢o0oco0 2 + 4
/ P
J‘I'A = 12 TN A
wlher X< %8 o - lete posibwe . minieam
vy A= 20090 4 2.%
‘ x
- 1
whena 1 =36.¥ A= 3257 em
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Find the coordinates of the stationary point of the curve with equation

x4+ 2x=e"-3

2x +2 = 69 49

JE———

a)
SkFarionary opoink whuere —o‘—i =0
) f X
lx 42 = 0O
r = -1
b)
WL\{J\.‘)(,’.,’l | - L _:"e— "3
2 =49
y =ln L
(=1, ln 2)
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53 A function f is defined by f (x) = x—3
X —

(a) State the maximum possible domain of f.

X
(b) Use the quotient rule to show that f'(x)= ———3°

(2x— 3)7

(c) Show that the graph of y = f(x) has exactly one point of inflection.

iy x 2 3
2
=
b/' w = 2t vV = sz__.gl) '
ﬁ_“_':/ _é_\f_— (27—"‘5\ ¢
d:z; A ‘
- - “2
}[/{l’ = (2’t-3)a _’:?_(ZDL-'—;) s((l).—g).
(21‘3) x('L‘:.r“S)l
= 27.—3 - X
(Z:L—S)‘
= X — 3
(11’-5)3/7’
’3/1
c/ u - -3 vr<= (22 —-3)
‘ 2
oa = | Av = 3(&1.-33
a dx

Poi/\(— of inflechon whee f"(x.) =0

'3/ —
(\13&—3) b ’3L1’3>(\2>L’—S)2 [®)
\ ya
(lx-“;)z(\lx—;;— 3 + 9) ©
\
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(Zx—B)Z = 0

_ 3
z =7 z= 6

ﬂ\""
R
\

[ aN

a2 musk by ?real—v Hlaan

£%(59) 7o

[ (61) < " poiat ob nbHedken

54 Given y = ¢*, where k is a constant, find % in terms of .

e

t.)\
“ e X
dy K€

55 The volume of a sphere is increasing at a constant rate of 2 cm?s!

Show that the rate of increase of the radius when » =2 cm is % , where a is a constant.

Volume of a sphere = inr3

3
s
g‘;‘,-‘l AV = LT r
AL - 4
p=
dr= dr o dv
dE Adv d&
( v L
= 4grt
- 1
e B o die
o 1] 1
{
whein r=21 M:ﬂ




56 Given y = 3%, show that %=3" In3
X
9= 3
v
lat1 S aln 8
J
1 ody
4 ‘,Ti = Ind
J F
- XL
d9 = 94 1la3 9=3
dx v
= 32'/¢ K
62x+1
57 A curve, C, has the equation y = —;
X
Show that C has exactly one stationary point.
Fully justify your answer.
tx+ 1 T
u= C v= X
2
du = 2 € >+ dv = 2
olx Ax
2,22+ 2t/
dy = 2x € —22¢
o 27
Stationary poink where %b— =
v ! ax
L R S R
7 z
67"”(21 -—-2:«,) = o

Camotr = © 2at—1x Zo
2z(x -1) =o
> =o 2 = |
7
whwen 2o (C s

undelined

one skaHoaa/J point

W\A-C/\. _X,’._l




58 A curve, C, has the equation x)? + x* =10

(a) Prove that the curve does not intersect the coordinate axes.

(b) Show that 4V = _y(2x+y)
dx x(x + 2y)

(c) Find the exact coordinates of the stationary point.

a/ cross€y x Ot thee 13 aa inlktrseckhoa  witu &to
x (o) + 2%(e) = |0
o F# |0 .- no  ypl.
Cross€ s \j l{'\ intersection wi ha X =0
(0)at + (009 = Lo
A Y Y
o Zlo Ro  INER(SECHON
b,/ w = o v < ‘31 -5 Vs Y
da o) dvo= 2y Gl du-2x  dvo=dy
dx ax o dx d=x
ql T 2144& -+ xﬁl_é.i <+ 23.\4 = 0
J — ax dx ~
d 2
2D (at+la9) = — 94t - 2Axy
dx -\ J7
= sk‘jl’\’ 23.3)
L +1lxy
- _ ﬂ(‘uﬁ—rlx)
X (xt1y)
¢/  —9(atix) - 6
X (> + 29)

—4(Ar2x) =0
()

4=TO A x L =
J J

X



= = 13\'(§.

€ gy M ¥
(
w
o

(G, -26)

59 A curve, C, has the equation x’y +xy =26
When x > 0, find the equation of the tangent to C when y = 1.
when \c\,:‘.\ x*t A =6
xtrx—-—b = O
(x+3)(x-2)=0
X =z-3 }_:Z_
z Jo 2 = 2
2 -
U< X v v [T Wl | v =9
>4 b >
dw =)y é\_/_:ii da - g«_\_{__éj_
oz d= 9* d dx ~ dx
rdd 4 2y 4+ 299 14 =0
S odx J cdx J
d =
/)la(?.l) Ll._é.j-ﬂ'bf"l‘l-—i"']—b
(45315 \r/l/ 1 1
c = -5
ax
.2 - - ;
-~ /
da 4
¢ N\
4—1 =7 \x — 1)



60 A curve, C, has the equation 5 siny +x cos y = Ax
where 4 is a constant.
C passes through the point (\/5 , 3£)
(a) Show that 4 =3

(b) Show that ¥ = 3= €08y
dx  S5cosy — xsiny

(c) Hence find the equation of the tangent to C at P.

T _
a, Ssm g t (30Gs% = (3A
sz + = {3 A
2= 5
3z = Al
A = 3
b/ 55}":,’ + 2 (o359 = Sx WSX VZ cesy
g_‘f‘;I %\:’;’Sif\u\%ﬂ
P x 4 %
56054—”—(3— t+ wsy —xyay 49 = 3
VvV oda v v d.),
d _ -
7‘3‘(5605\4—-903/4 gl = 3—”57
ax—\ J J/ -~
dyg = 3 —ce° I
dx 5Co>~j—:l.3i"‘j
T 3 -3
c/ ot (\l’i,, f) éﬁ- = PR C
! \ > dx S(=)-(2)
- =
- a




61 A curve has parametric equations x =3¢ + 17 and y =31 — L fort#0

(a) Find % in terms of ¢, giving your answer in its simplest form.

(b) Explain why the curve has no stationary points.

“@
@

(c) By considering x + y, or otherwise, find a cartesian equation of the curve, giving your answer in a

form not involving fractions or brackets.

“

dx = 3 — ¢ dy = 3 + ¢

-

At 3

dy = 'b“’t/ <t

dx 33—t ° <t*

= 24+ + |
—

-

»rab oww\j I(aoin-k) where 2{:1 + \

i\
174

3t

T+ ) =

(o]

3Lt = -

1

t:'/

T : ) ]
f 15 al\oaas Posib\)c . Canno¥ Qo!qu -3

no SDIS/ no S-l-o.Ho.m!j ?o'\M’\.

¢/

I
A
C

1)

3’c+‘i:“‘t§k’%—

= 6¢C

=
A

™ Cc

2= 3kt

<

2= 3()xm) + T3

a(x+y) = /i.(

Zx(xty) = (

(=

b3
2127‘%31
g




62 A curve has the equation y=x1nx

(a) Find the coordinates of the turning point of the curve.

(b) Determine whether this turning point is a maximum or a minimum

¥ w=x v=lnx
d(&:l dv ::,-L-
ax Jx *
Ai': ,‘f‘lnz,
dx
| + lnax = O
//1), = -
~ e’
g = C'/ Ine™!
- -e”!
— S
e’ -e !
1 )
o 49 = 5
d2’?

P positivet . MIATYum
aa™ /

’-—-—




63 A curve has the equation x* —x*y—2y—-5=0

2 —
(a) Show that % = M
X +2

(b) Find the equation of the normal to the curve at the point (1, 2).

u.S—I.z
3'2}"1111"22,%——2_11 =0 Aa
< ol
B2t -2xy = AT

,17-
311-Zlﬁ = % x-l +2)
S

29 - -1y
da ——
at + L
—
/
at ()2, dy = ~—
\ dx

qradiealt o) normal = 3

(4 —2) = 3(>x—1)

9 = 3dx - |




64 Let f(x) = x* + 5x. Use differentiation from first principles to show that f'(x) =3x> + 5.

Bla) = lim Flark) - £(2)

h=30 L~

= him (:r,+k_)3+ 5(x+h) — (x° + 52)

h-> o
I
- lim \aﬁr 21M+V\1)(3L+b\)+ 51 +5h — 2° - 51
>0 I
om0t 2 220t 22k 2k el £ S +5h ot HE
I~
= lim e+ 3l WGk
"0
o
= lim 3.0 4 3ak+ b + 5
>0 ’

1
as h=>0 3xh o omdh h —>oO

F{(ao) = 3xt + 5

—




65 A curve has the equation y = a¢”, where a is a constant greater than 1.

(a) Show that % = 2xa’Ina

(b) The tangent at the point (1, a) passes through the point (% , 0).

Find the value of a, giving your answer in an exact form.

(c) By considering %;Xz show that the curve is convex for all values of x.

In g = Ima,zb
Ay = a{ma)
J
+ 5= = 2allna)
g & \
Ay = 224 Ina y= a%
dxr v

VA N ’
— oL
m- —
e
— 2
;los’—-lw la o~

0 < 22— 2 laa

0o < lo.(l—lf\lh)

A Cannpt be zero " a =

d2
= 21&1 w=4x vz €
d,.—-“ T 2L dv =

o2 rEn



2

- hale* +2e”

1

d 1
o x

- e* (42" +2)

7 AN

et s alwag) {pos/z‘i Vf\ ‘_/'11 tl S alwayj poytine

lfojrlél."c X Ipos;{:l'v( = /po;/'{;vc

d* - .
7“2’ 15 d/‘t/ﬁqé 205/tve 56  (bNnvex
ax (V4 / JE—

66 Differentiate with respect to x:

(a) 2x+5)

(b) 3x?Inx
§
o/ (22+5)
¢
)D[ 2x ’5)
b/ u= 32" ve lax
du = 6  dv = _L
dx dx *

6x Inzx + 3=




67 A solid right circular cylinder has radius » cm and height 4 cm.
The total surface area of the cylinder is 800 cm? .
(a) Show that the volume, V' cm?®, of the cylinder is given by V' =400r — zr*
Given that r varies,
(b) use calculus to find the maximum value of V, to the nearest cm?.

(c) Justify that the value of V you have found is a maximum.

V= rrih s = 2t 2mrh
00 = Amrt+ 2ark
Hoo T ¢ttt vk
Goo -TTr = |
7T(
L
vz et (42Tl )

\ 2@ d /

('

r (yoo-rr’)

3
= _yoor —T(

—
b/ AV = 400 — BT
' ar
Mot wueve QY = Yoo - 3+rrre” = Q
a7
400 = 3mwc -
(L = oo
31T
R R Y
“ D_lb
v= ¢oo0 (6'5‘/') —7(6.51)
3
= 1737 em
c/ LV = —Cagr
{ drl
2 .
= - 6m(6.51) dY <o . maximum
‘ A




68 A curve has the equation y =x* + kx*> + 5, where k is a constant.

Given that the curve has a point of inflection where x = 2, show that k = -6.

dg = 3x° + 20 %

dx
izf—éx,—/-lk.

d
dx*

A" =
when 2=2 A A E(L)+ 2k = O
Jdx*
12 4 2L = 0O
w = -6
69 A’
P
>
0/ X
Q
The diagram shows the curve with equation x*>—2xy +4)>—12=0
d X—y
(a) Show that Ey = ‘7_—4)’ 3)

At the point P on the curve the tangent to the curve is parallel to the y-axis and at the point O on the
curve the tangent to the curve is parallel to the x-axis.

(b) Show that the exact distance PQ , is k V5 where  is a rational number to be determined.

)
Uz -2x v Y
23 —2g -2x%2 T 3929 = o du = -1 v -4
J dx Y ax T dx oha
2% - 20 = 222 _ gy 49
<~ ot A
= — = = ——1(’;‘ - 4 —-—M
- P & hd S I
A
dy - x -9
dx
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70

Differentiate with respect to x:

(a) sin 2x +5)

3x?

®) 2x—1

(c) tan (x?)

2 005(27,1-5)

u = ’bxz v 2x -/

o2

du = 620 dv = 2
ol x

Cx (22 -1) — 6x°

(2» —I)L

JZx? —6x —6x ©

(Zx-1)™

61t —6x

(2o —-1)"

2z sec (27)

71

The curve C is defined by the parametric equations x =2 cos ¢, y =sin ¢.

The line L is a tangent to C at the point given by ¢ = 3

Find the point where L cuts the y-axis.

dx = —2sn¢ A9 = Cos €
dce dt
a“j _ Cost wslhen €‘=T—C ﬁ(_‘j_ = —'ﬁ
d= -2 5s5iAC o d e
whaean f:ﬂ;— > = |/ vy = »—Q
3 v [
9= 2 = B(=-1)
_ cats at ,2_{}_




AV

72
0 >
The diagram shows the curve given parametrically by the equations x =47, y=t(#* —8) , fort>0
2 —
(a) Show that % - 3 t8t 8 3)
(b) Find the coordinates of the point on the curve at which the tangent to the curve is parallel to
the line 3x — 12y + 8 =0 A3
(c) Find the cartesian equation of the curve. 3)
3
dx_ = 3& y= ¢ 5€
ae . 2
dy = 3&° — 3
ot
dy = 49 - dx
dx At o
k3
= 3¢ -3
g€
—————

b/ 3z —l1y t8 =0
3x+8% 129
= 32+ .2
J iz Iz

_ (
,para)/-cl when %l',i - T




C?O "o ‘6:2

when £=1  x=4(2) 9= 2( (2 %)
= )4 = -3
(16, - %)
P ———
x = g4t" L‘-{,—s—XE
¢ = [= .
Y —_—
={[ = — 3|\ =
9=\(%) =
= (") —3x”
\ 2 / 73
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0 >
The diagram shows the curve with the equation y = 1+1 3
(a) Find%}z
(b) Hence find the set of values of x for which the curve is concave.
z —I‘
Y 9= (1 +2%)
1 J -~
- ¢
dy = —2x (! +2 )
JE—
da
A= - 2= v = ( w+mly-
-3
A = - dv = ~ Yo (4 Fx)
a 1> S
1 )" 1 e
A9 = —2(1+x*)  + &x"(/+2x)
d)(,—"
T
- - 2 3x
= 1\ ¢ . A
(1l +2") (1+x)
4 <o
oncove  when e <
3x1' - _jE__L < O0
(xt) Ceex)
gxt —2(1+x ) < o©
Baxt— 2 — 2% < o
6x* — 2 < ©O
g‘x.L — |\ < O
>3
‘Zié <l DL<.{—




