1 An arithmetic series has first term ¢ and common difference d.
Prove that the sum of the first n terms of the series is

%n (2a +(n—1)d)

Sh= a + am', t oarld t ...t at(m3)d t a+{£z)d+a+[n,/)d

- +
= at(n-1)d +a+[n—2);+a+(/; 3)4 . tatdd+rard + a

25, = Jar(n-d + Jat(a-0d + Jac(a-)d +. ..t Do +(A-0d + Jat(a-08 ¢ lat(n-0d

LSa = r\( Lo +(a-1) &)

Sn = (la—r l\ld)

N\

2 The fifth term of an arithmetic sequence is 5 and the eighth term of the sequence is -16.

(a) Find the first term of the sequence.
(b) Find the common difference.

Us = § Us = -16 Un = 2+ (n-1)d
5= a + Yd

)6 = a + 7L (\S}Mu[tan{ous e.cbu.a.éloﬂs’)

a= 33 d=-7

3 The third term of an arithmetic series is -4 and the sum of the first eight terms of the series is 22.

(a) Find the first term of the series.

(b) Find the common difference.
(c) Find the highest value of n for which the sum of the first # terms is less than 200.

Uz = - o 58 - 17 Sn:/g‘[,Za—/-[m-/)l)
-4 = at+tld 22:%(2a+7o¢)




Nt

[Za T (w-l)d.) < 200

L _26+(a-1)45) < 200

n(-26145a-4.6) < ¢oo

A L— So.SJ_Lr_S.,\,) < $oo0

4 50 -30.Sn < 400

lr.54* -3050 - 400 < 0o

“p6< n < [3.¢4

nz°i/3

—

. AN 4

4 Bob saves some money every week. He saves £2.20 in the first week, £2.40 in the second week,

£2.60 in the third week, and so on until week 100. His weekly savings form an arithmetic sequence.

(a) Find the amount he saves in week 100.
(b) Calculate his total savings over the 100 week period.

a = 2.2 /= o 2

a,/ a!ao - a t 79 oL

=22 99(02)

=21

422

10/ Sma - ﬁ,ﬁ (1(22) + 77(0'1))

b}
S} 2

=Z11210

c—




5 The first three terms of an arithmetic series are (k + 3), (2k + 4) and (4k — 2) respectively.

(a) Find the value of the constant k.
(b) Find the sum of the first 20 terms of the series.

aj"uz = az‘a,

(L,H(-z)—(u#‘f) = (ZKT‘T)" (k -rs)

Qe =6 = k +|

ko = 7
b oa=T*S3 d, = 2(7) +¢
10 =18
a=<10 A= &
S = 22 (200) +/9(3))

6 The amount of cars produced by a factory each week forms an arithmetic sequence.
In the first week the factory produces 100 cars. The number of cars produced will increase by 4 each

week until the number of cars being produced reaches 180.
The factory will then continue to produce 180 cars each week.

(a) After how many weeks does the factory reach production of 180 cars per week. )

(b) Find the total number of cars produced in the first 52 weeks. 4)

a =100 ad =4

/8o /Oo—l'[n—/)s‘

/180 = 100 t In-¢

Gn = g4

n <=2l (the 21t week)

7

S.u - %(2000) " 2"MW} Last 3| eeky: 31 xIg0
= 2940 = 5530

2940 + 5580 = 8520

o —

62 weeles



7 Bertie makes payments into a savings account every month. He pays in £300 in the first month and the

amount he pays increases by £40 each subsequent month.
Charlotte also makes payments into a savings account. She pays in £500 in the first month and the

amount she pays in increases by £20 each subsequent month

After how many months have Bertie and Charlotte paid in the same amount in total.

e = 300 d =40 C: =500 d=20

Sn= & (Laria-)d)

%(2(500)1'(”‘/) qo) = %(2(5'00) + (m-/)lo)

600 + 4on -4 0 = /000 1 20n-20

UOn +540 < 980 T lon

20n = 420

no= 2z

8 A geometric series is a + ar+ar’ + ...

Prove that the sum of the first n terms of the series is

g = all —r")

1 —r

S, = a+aptag?+ ) /@wtrﬂf/

0,

- Sa %////%%/ar

®

D-D Sh-rSh = a-or"

SA(‘*”) = “U—fﬁ)

Sa ~= 0\((—;""')

| —




9 The fifth term of a geometric series is 12 and the eighth term of the series is 96.

(a) Find the common ratio.

(b) Find the first term of the series.

(c) The sum of the first 20 terms, giving your answer to the nearest whole number.

Us = 12 Us = 96 an’afﬂ’/

o/
{

)
é
|2
2

\
l\\’

2= a(2)’

|2 = (g

c/

Sa= all-r")

| - r

(g
N
o
u

2 (1-2%)

¢
| — 2

78643) 25

10  The third term of a geometric series is 135 and the sixth term of the series is 40.

(a) Find the common ratio.

(b) Find the first term of the series.

(c) The sum of the first 10 terms of the series.
(d) The sum to infinity of the series.

art=1350) ar’=40@ @ -

a,’s = QLD

—_—




a(%)" =135

W = 303.75

cS/o - 303-75[/ —<'§‘,)l°)

| — &

é

\!

875. 4 (/d,a)

— o - 303.75
S'e l/’;' - 2
3

= 7//.25‘

11 The second term of a geometric series is 3.75 and the sum to infinity is 20.

(a) Find the two possible values of r.
(b) Find the corresponding two possible values of a.

Given that r takes the larger of the two possible values,
(c) Find the smallest value of n for which S, > 19

375 = ar 20= ——

20 -20r = &

396 = r(20-20r)

3,75 = 2or - 2o0ct

200t -20r 1396 =0

(

f-/}- orf [T —

¢ '




315 _ 3.5

b/ ax = — * = -~
{ >/q r¢
A= 5 or o = 15
¢ r= %
7—
9= 5(1-2")
’—/—_""—"————
| - 2
7
ey
20 7/
\/3-)"“:: L
G 20
\7/ [ 4
A T 'oﬂo_lsz
- /o.gf
n=11

12 The first three terms of a geometric series are (2k — 2), (k + 3), and & respectively, where k is a

positive constant.

(a) Show that & —8k—9=0.

(b) Hence show that £ =9.

(c) Find the common ratio.

(d) The sum to infinity of the series.

)
2)
()
2

K+ 3 = _/<-_

Lh-2 k+3

(kr3)e+3) = k(2k-2)

i+ 6k +9 = 2Kkt -2k

0= k' -gk -9

b/

0= (r-9)(x+s]

K= k=T

W s & gosibive (gnitant
[

kt‘,"]



N
\
o
’\\
-Q
N—
\
~
<
A 2]
0
\Q
4
\V.V]
iy
| PN
()
X

= (6 = /2 =7
12
14
/;-—-
]/
/ o

13 Sophie will be paid a salary of £35000 in 2018. Each year Sophie will get a 3% pay rise, the first
increase being in 2019, so that her salaries form a geometric sequence

(a) Find, to the nearest £100, Sophie's salary in 2020.

Sophie will receive a salary each year until she retires at the end of 2037. @)
(b) Find, to the nearest £100, the total amount Sophie will have earned from 2018

until she reties in 2037. 4)
a= 35000 r=1(.03

Us = 35000 103"

=£57100  (newert tloo)

20 years S1e = 35000 (- 1.03°)
|]—/ 03

- £940500

p—




14 A sequence xi, X2, X3, ... is defined by

X1 = 2
Xn+l = AXn — 5, n=>1

(a) Find an expression for x» in terms of @

(b) Show that x; =2a*>—5a -5
Given that x; = 20

(c) Find the possible values of a.

@ 27:a<1/)~§

= Ja-5

b ‘ZS - a—(?—a—é_) - &G

= 24" - Sa -5

¢/ 2a*-Sa-5 = 20
2@7”5@——2—5 - 0

(2&7‘5)(& - 5)

a:-): a= 5
A -
—

15 A sequence xj, X2, X3, ... is defined by

x1=k

Xn=4xn-l_ 1, n22

(a) Find an expression for x» in terms of &
(b) Show that x; = 16k—5

4
(c)Find ) 4, intermsofk
r=1

al/ X, = 4¥(2,) -1

& 7

= K-
b/ 13 - L{-(L{'k-—l) — |
~ etk -5

cf L,:H/ék—s)—/

U = él{-k"l)

za,,, - k t4r-|+ 160 -§ + b4 -1/
= = §C0Kk — 277

3




16 A sequence u, us, us, ... is defined by

u =1

U1 = (tn — 1), n>1
(a) Find us, us and uy
(b) Write down the value of w00
1
3 U, = (d-1)
=(1-4)°
:"‘—— [A
Uz = (0 - 1)
- |
Uy = O
b/ Ujpo = O (all evea terms are zcro)
{ 7
17 A sequence uy, us, us, ... is defined by
ll1=3
Upi1 =UyTC, N>1
Given us =21
(a) Find the value of ¢
(b) Find an expression for u. in terms of n
a (/CZ - (/([ + C
= S+ L
b(3 = Z—:" Ze
Uy = 3 +3¢
Us = 3 + 4cC Ll = 3+ ¢
'3 = 4c¢
C = &.5
b/ 5, 7.5, 12, 145, 2]

Un Lt.5n — (. 8§

\




18 A sequence uy, i, us, ... is defined by

=3, u2=5
Un = Un- + Una n 2 3

Find u3s, 1, and us

Uz = Uy TU

=_5

(/Lq. :-,(JT; + UL

= gt5

Us =713+ 8
[

\
=

19 The value, £V, of a car ¢ years after it was bought on January 1 2015 is modelled by the equation
V' = Ak' where A and k are constants.

Given that the car was worth £20900 on January 1 2019 and £14200 on January 1 2022

(a) (1) Find £ to 3 decimal places.
“)

(i1) Show that A4 is approximately £35000

(b) With reference to the model, interpret
(1) The value of the constant 4
(2)

(i1) The value of &
(c) Using the model, find the year during which the value of the car first falls below £5000 “)

V= Ak

20900 = Akbr @ IC/fZOOf—‘A’KI @

a7
\:@ 4200 - Ak
@ ' 20900 ,4—“‘*
42 _ 3
209 w
K o=t
209
= 0.8719

20900 = A (0-?77)?

[

>
)
w
~
-Q
)
-
-~
b
o
<
™
w
)
Q
O
G




b‘/ .l,/ The M*’(f nmtial velut was E3So0o00
1) Kach yew the yolue declines by 12.1%
2
C S0o00 = 3500D (0-279)
— 771-
-—’.7" - 0.3 f
X = /an rvq(7/
J7T
= /5.
The 16" year
__——,’U—
20 (a) Showthat 3. (3r+7 +27) = 8508
r=1
(b) A sequence ui, u2, us, ... is defined by  uui1 = % llF%
Find the exact value of %‘: u,
r
2r 47 7
a=/10 d=3 a1 =1
Sz = 22 (2010) 1 1131) S, = 2(1-2)
| -1

219+ 8lab =

508

///




21 An employee’s salary is £25000 in the year 2023.
The salary is modelled to increase by 4% in each year after 2023.

Using the model,

(a) show that the salary is £27040 in 2025 @)
(b) find the total salary the employee will earn until the end of 2040 )
2
25000 X .04 = L27040
Y az 25000 rc oy

R\
[\

S = 25000 (11 o¢

| — .04

1

L£é41135 (nearest £)

22 (a) Findthe valueof 27 X (

r==5

),,

6

wl»—

63
(b) Show that Z logz(%)

n=1




U, =~ 40 Uy =55

23 Harry saved money each month in 2022. In January 2022 he saved £40. In April 2022 he saved £55.
Given the amount he saved each month is modelled by an arithmetic series,
(a) Find the total amount Harry saved in 2022. A3)
Given instead the amount he saved each month is modelled by a geometric series,
(b) Find the total amount Harry saved in 2022. A3
a{/ a-yo &= 5
S, = 22 (2(40) 1 1i( 5))
i B L \ /
= t10
4
-
| (55 . T qor
a = LI'L o r= VvV 0 5 g - q
3 - S
=14 (" ==
40
ALY
S, T a0l — 11
| — ).1)
= £ 720 (nearest £)
7
. k - all
24 A sequence ai, a2, as, ... is defined by ¢, , =
a

Where k is a constant.

Given that the sequence is periodic of order 3 and that @, = 3

(a) Show that B—-11k-12=0

(b) For this sequence explain why & # 12

100

(c) Find the value of Z a,
r=1

Ay

()

= a, a?

v k=3 3
Bzl
S N _T _____\
= w3
e=(z5 1)
aL, = k-3



LY
K — === ! = 3
A S S—
S
k—73
W~ I _
- B a0 = ()
=3 \- 7
Tk - Ix _
= = | K —3 3
-2 S

A — 2Kk + 9
k* — 5w — 3 = bw + 9
wt-- 1w — 1L =o0
b/ AL = k - Q.
a,
ik =lL a = 2=2 =3
{ 2 2
Pgr'\@,_,l{c. order I
o/, kE- llk—12 = O
(e-12)(x+1) =0
Kt[z :-—[
—
< - -1 -3 - = o -
a,=5 Qn==l-3- =% qg=-I-%
—%
(
7
7
r=1oo
-~ — -
e = 3a) + () ¢ 33(F)
r=| S T/




25 A periodic sequence is defined by U, = cos|nmn|

State the period of this sequence.

2/

e

26 An arithmetic sequence has first term « and common difference d.
The sum of the first 25 terms of the sequence is equal to the square of the sum of the first 10 terms.

(a) Show that 44> + 36ad + 81d* =a + 12d

“@

(b) Given that the 10" term of the sequence is 2, find the possible values of a.

(©)

2
[

25 (2 + 2¢44) = ((§(2a+14))

S

25a + %004 = {100\.—r q—Q'L)L

N

25a + 300d = j00at + 900ad + ZOZSdl

a + 1244 T ga® + bad T Sl d°

b/ AU, =L a+ 94 =L

a 2-9d

"

2 -9 +l2a ¢ 2- %c)?’+ 3p(2-9d) + §i1d "

‘|

2434 < Y4 (¢- 36 +8d*) t724 ~324d* +8ld"

2434 = /é~/44d—fzzwﬂ-+72d sthd® 4 3/d "

2+3d = IL — 724 +8ldA"

0= 8ld" -754 + 14

- L - L
=5 or &= 37




27 An arithmetic sequence has first term ¢ and common difference d.
The sum of the first48 terms of the sequence is 198

(a) Show that 4a + 14d =99

(b) Given that the sum of the first 25 terms is 300, find the sum of the first 21 terms.

(c) S, is the sum of the first n terms of the sequence.

Explain why the value you found in part (b) is the maximum value of S,

a/ 33:10,8

Z(Ja+Td) =198

T T28L =198

H'o»—flbfﬁ_: 19

—

b 25 (2at 24d ) = 300
2 '

2Ga + 300k = 300

at lzaa = | L

Sim. eq,. a= 30 A= '%

Su = % (ale)+2e( 1))

r

- 315

¢/ Ux= 30120(%)

= 0

The 2|s¢ +erm S ztro, all terms giter will

nRd akvL.
|




n—1

28 Z (k> + 1) Z (k> + 1) where n is a positive integer.

k=0

(a) Find U; and Us

(b) Solve U, =730

$ z
of Uy =2 (k) S k)
v k=0 =0
= [‘l+2+5+)o> — (1+z+s‘)
- |0
" y
Usg = Z(M"ﬂ) S (k t)
K=o k=o
- g% ¢
< 65
b/ n t1=730
nt -~ 7219
n = 27
29 Consecutive terms of a sequence are related by U, = (U, =3 +2

(a) In the case where U, =2

(1) Find Us

(ll) Find Uy

(b) State a different value of U, that would give the same value for U, found in part (a)(ii)

a i (/{7:‘ (L'3)17"1

= 3

:&3-3)L FZ

= 2 .
i) Uio = 3 [all even terms il Le 3)

b/%



20
30 (a) An arithmetic series is given by Z (3r+4]
=5

(1) Write down the first term of the series
(i1) Write down the common difference

(iii) Find the number of terms in the series

,

3(8)+ty = 9

i

3

i/
|

|6

50
31 An arithmetic series is given by Z (bn+c|
n=11

The sum of the series is 470

(a) Show that 122b + 4c = 47

where b and ¢ are constants

4)
Given the 21st term is 4 times the 3rd term.
(b) Find the values of 4 and c. @
o/ b +C + U+c + 13b+C + ...+t &b+ + Sdbte
4o Eerms G = %Um%/t")ot) ad=b
‘%(\l(/)bu) t 29b ) < 470
20( 22b +2¢ T 39b) = k70
2—(\ blb + 2(,/\ = 47
22 t4c = 47
b/ b+ = 4(13btC)
bt C = S52b+4yc
“S¢ = 2b
¢ =7b
122b T4 (-7b) =47
b = 77 .
b = ¢ 4




32

The sum to infinity of a geometric series is 108

The first term of the series is less than 40 a [ < Y (o)

The second term of the series is 24 M 2 - (2 ‘-f
(a) Find the first term and common ratio of the series.
n+l
(b) (i) Show that the nth term of the series, u,, can be written as u, = i" =
(i1) Hence show that logsu, = n(logs2 — 1) + logs2 + 3
a - 10% ar = 2y
|-
//7
}azf 108 —lo8r fa = :')—;.t/
— \,— f ]
24t = lp¥-i03r
r
24 = Jokr —I08F"
108¢ * 108 + 24 =0
_ |
r= % o =%
5 x
a= 36 or a=T1 as g s less fhan 4o, p=36, 77
X —
. - 2|7
b ar) - 36(7) 6= gaxy
v \J7
= 32x ’Ll
r\——\
= et (2 )
A\ -1
377
~ =\

n
W
K
N
~J
X
|\




r)

log, U~ = lo%z"“ — )sz‘)

Ur = (n+1) log 2 = (n-3)

a-
J>° v

= VLLoqg2+ Loch’L -n 3

- /\,(/0;132" /) T }0,732 + 3

33

Brad is training to cycle long distances. In Brad’s first cycle he travels 25 km. In Brad’s
second cycle he travels 26 km. Brad believes the distance of his cycles can be modelled
by a geometric progression.

(a) Brad sets himself a target of cycling 40 km show that this model predicts Brad will
achieve this on his thirteenth cycle.

(b) After six months Brad has travelled a total of 980 km. Use this model to find how
many cycles Brad has completed.

7y a=15 = Zk=104
7 ~
U, = 25(1.0%)" = 27.0 km
Uiz = 25(/- D'r) = 3% 5 lkm
Uiy = lSL/.o‘-f)’L T 40.0 Kkm
n
b/ Sa = a(r’-1)
=1
— /l_
130 = 25( l-o¢ /)
log —(

39.2 = as (1. 04" 1)

/. 568 = /. o¢" —|

2.568 ~ . o¢




34 Charlie is training to run a marathon. Each week he goes for a long run. In Charlie’s first long run he
runs 10 km. He then increases the length of his run by 2 km each week.
A marathon is 42 km.

(a) Find the number of weeks it takes until Charlie runs a full marathon. (2)

(b) Find the number of weeks until the total length of Charlie’s long runs exceeds 200 km. (4

Un = @+ (n-1)d

m/
42 =101 (n-1)2
42 = o +2n-1
G = §ton
4y =
/l':/7 (‘(lﬁ.e' (7“0!. uew/ Nee |,7f"' fLLA-)
— (/6 wLeles Osé’l-ff twe -G'\fs(- (\LA)
b, 2 (o) t (a-1)2) > 200
%(lo“r on —2) > oo
% (\ 1§ T ZA\’ > L00
In t nt > 200

nt+aAdw - roo > 0O

n«<-11.5% a2l 3
X
week Il (10 weews akrer Tne frst run)

35 A sequence u;, i, us, ... is defined by u, =20X0.85"

Use an algebraic method to find the least possible value for N for which i "y — i w <1

n=1 n=1

I = 340
a=]7 r=o0.38 S 32




37 The first n terms of an arithmetic series are 21 +34 +47 + 60 + ... + 177 + 190.
(a) Find the value of n.
(b) Find the sum of these »n terms.
a=d d=/3
190 = 21 + (n-1)13
190 = 2|t /13n -3
90 = R + i3
182 = [ 3w~
n = H.f
—_—
- (

b/ S)u - /f 2!‘[’/@0)
( 1 Z /
= 1477

38 A geometric series is 12+ 9.6 + 7.68 + ...

Find the sum to infinity.

6 _
r= Sy T oo
_ 2

o -
(-0-8
= 60




240 __ [ '7("’0-55"1)) < |

3 ~ | -0.%S /

237 < 1T1(1-085")

3

327 < |- 0.35"

Bt ™
2T

—

—
0.85° < 340

(30
o o.¢ 5%
90.

N = 30

—/

36 An arithmetic series has first term 820 and 5* term 540

(a) Show that the 15" term of the series is negative

(b) The sum of the first n terms is denoted by S. Find the greatest value of S as n varies.

af a = 310 Us = a+ 4d
S54p = 320 +t4#d
~230 = «¢d
d = -70
Uis = b20 +14(-70)
- — (60
b Uiy = 320 +13(=70)
~-90
Uiz = ~20
Uiz = 5o

Higb\esl— valee of S s Sl’L

Sn - l%—(2(520)-r1/(*7o))

5220




